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ClPollewing 18 the tranglation of an ariicle
by R,¥., Ganmkrelidse im Jpvantiva Skedenli ¥euk
§888, Serbye latematiebeshacs (Ferald of 4us
 Aendemy ¢f Seisnses USER, Methenmties Beriss),
Vol XEIV, H@ 3, Uosemeow, NMay-Jdune 1880, pagse
%zamaﬁaw

{Prasented by &maﬂamﬁ#i&m L.8, Ponteryngin)d

The present artislie deales with eptimal osnirel
proeggpes with Limited phase coordimates and in-
ciundes n derivation of the equations for the
extremals of the eerresponding problem 1% the
aaleu&uﬁ of wariaﬁimﬁ9~

I%%%@ﬁg@ti@ﬁ

The Haximm@ primﬁﬁplu az applied o ap*ima& pm@@%wﬁ
thaory (see rofs, 1-6) makes 4% possiblie to £ind the spe
tronzls of the followlng gr@%immw in %hw enlaulvs ef wa"éﬂ'
ations, _ : : S . |
' Let the vector funetiew ‘ . L

~%-”(x W) = (FHE WY, P Y)

in variables ?i and u\. e ﬁ@ﬁim‘&& s wan%m&%@ aear {m @eﬂ
direct product

(%, wIEX g, | REX", wEg,

vy
where X ie -the s~dimenszionsl ph&ﬁ@ gpate of thas gk@bzeﬁ
1

-} 38 an arbitrary Bawsdoerff tepslogleal spmoe ( the spacy




Ap
?twwwl aTe mecwwsd +n he continuously differentiabie fcr

ail coordinates of vactor K o
Let the equation of motion o0f the phase point ba;v'g the

:’;{ = -Q(?(;U‘u)

form

v (0.1}

b

and )( eanta‘}.n the two given poinxtxs g, * &g L, ¢ %o arce w««rj
quired to seleot from ‘& olass of permisaible controle

(such as the class of meaaurnhla bounded or plecewise-aon- w
tinuous controls with values from {} ) a fumetion wu(t)Léte £
such that the aarramponding trajectory X(U) of eqaa*i«« i, &}
will conneet points Ez v ;.

CACHRE- A z:ect,) = &,

and the integral r,

(L@(H w(B)Yde ) | A(e 2)

segune mipinun valueﬁ. {The zoalax ﬂuqction h{ﬁ\¢)sat$sfiaa
the same conditions as the functions { (X,u.,)

The Maximum Principle is stated in Part L eof Ssection
3. The space of pessible vaiues ¥} for the control paraneter
can in particular be & ¢losed reglonref the r-dimensional
BpBoe gﬁ. Thé set of pousible values for the phase point
X must correspond to theentire space X, asince the Maxle
num Principle ceasee to apply in thaea éontrary gase,

Neverthesless, the case where the sst of poasible -
values for the phese point X is z closed regiosm in X' wiith
a pisoewiaes-agmocth boundary ise of definite importance in
actual epplication,

For example, the ¢sse where the alaas of perm&saibie
controls Wt Ock consiete of continuous piecewise-smooth
controls with a ﬁe&ulugwrastriateﬁ derivative reduces to
this problem, And indeed, regarding u in this case =8 =&
phage variable ard taking as the control parameter the de=
‘rivative of u, we have 1nsﬁead @f equaticn (0 1) the £allmw-

ing eystenm: ’ 7; E‘(* M)
: -

where v i giaanwisaveontinumus zuaetion, while & pnrtian
of the phaaa coardinataﬂ £@rmimg the weetar n dses net aoma




senw the regionil,

The present paver contaling the resulis I ohitzisod
in this area in L&, rontyryagin's seminsry on the thesry of
geiliationg and auiocmatic esnivel, ’v§'

Bariter, in wvef, ¥, these resulits wore formulated §
for the speaizl caze of epitimally rapid aetien, i,e., wnawa
the ﬁm*inﬁagra* functiog t€ng of {6,2% =1,

The hagie result ef tmiﬂ study is formulsied in
geotion 4 in the form of o gensral principle for finding
sptingl controls and optinal trajectories.

Gf the sariisr papers on this subjeet, I should :
peint out those of A.¥a, Leraner (ref, 8) and Ye.&, ggﬁﬁ@a%
{T&gw g}o - ’

A, Biztenent of the Protlesn-

i, Bas e definitions, Let ()} be an arbitrary set
in the r~dineusional linear space '

“V .
& '?Uh (‘%‘”‘)%f%l

By the &&&35 st porslesibls controis we will ﬁﬂﬂzgm
nate the set of sil plecewige-contlinnous, piecewise-gmoail
vector funotion .

A (ﬁ.‘) = (mfﬂ“}}.. -y cﬁ.’;.wr(t"‘i}

with first-order dise sontinuities gaternined over sn srbitrary

gogunent VL UL, 07 the time azis sn taking on values Lrom Yhs

get M} 8% each momenit of time; the fumctions 2n this et will

be calisd parmimsible contyols. ' :

' It the segments deternining two permissible emt role

do reot coinaide, we sholl ceneider thews different even i

one of the segments is contilnsd in the ether and the c@mﬁﬁnls

colincide over & smalisr segment. _ :
Hensefoprth, vwe ¢hall asssume &% 4%} times that the

valus of centrel wl{t) st the point of diseontinuity T is

egqual te the left limid:

w(T) = &@%ua .
' "
in the n~dimensional @hm@& BYRGE )4 tjt CK,'u >§
af the optimal problem forsulsated balow, Ie% there bo givaa
a elosed region B with a smeooth boundary, determined is the
neighbhorhood of the boundary by the imequalilty:




‘é{‘f} %[%9 . 4@9\5,“:_ »

where the scaXar function ‘?)h&a aamﬁi&nouﬁ partial deﬁ&m
~ vatives 4in the megion nf tke . bounduy %(7‘) 0, and the

c» %_A = %{aaQ %Cx‘) = (?%5 )

doeg not go to zere anywhere an the bounﬁarye

Thug, the boundary of region B is a regulsar hyporw.»
surface of the space 2% with a continucusly changing curvi-
ture., The practieally important case of & region with a
pleacevige-amosth boundary automatically reduces to. thia
case (see zeetlon 3, mote 3 to thecrem 32),

2, Statement of the probilem. Let the real seslor’

- functions L (% w}, ¥ &,u), 12l , 0 . bhe ooutinuous and

continuously difierentiahl@ with reapect te all of the
coordinatez of tho veators X}m on the direct gwa&u@t

B*F >R ., where B¥*ama * are open sets from ?4“‘1 f .
contianing, respectively, 8,8

- Lot the equation of motion ef the reyraseya*ng peint
X=(x,.. x") have the normal form

- -%? “"'F (”7?;“),) : ' | (.13
where o - .
fn yu) 4‘-(‘\" ffi",%);m, ?W(&“a b o {L.BY

1f in the right menbor of equation (1,1) we repiace
 the argument u with a certain permiesible eontrol ult},
then (1, 1) becomes an n~dimensional vectoriazl differentiasl
' equation, and, setting the initlal value K((), we obtain «
single~valued tra;metery”ﬁ@)nf the equation, which corres-~
ponds to the chosen contrel ul(t) and is detﬁrmined over =
sortain time zegnent,

The basic results of the preaent study are formulatad
ip theorem 3, section 4 and consist im the determinaticn
of a complete pystem of necessary conditions which must ho
-satigfied by any regular trajectory of equation (1.1} and-

. the corresponding eontrol, which provide the solutien to
the optimal problem stated below; the soncept of 2 regular
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crajeetory 1 cefined in sestlions 2 and 3. Thess necegsary
conditions are presented in the forsm of a sygtem of sguations,
and for this reason they are naturally ealled the extrenal
egnstions for the sptimal probiem ukdar congideration, ’

foruniation of the optinmal prgblem, In the phaae
spaes £ there are given two points gl,g'& velonging o the
closad reglon B, Let us designate by U(g‘g;) she ot af
a1l permicsible controels L,&(ﬁE}ﬁ,&bé. b, ! maving ths
property that the trajectory ;‘;E(tjitliﬁéét‘.& of eguation {1,313}
sorresponding to ﬁh@mcngmw, witye! /e %«f‘u E4alsb, _

3

. % L%
commosts the points 5, 5. : % (£ F K\ Fand Lies completaly

Lo

e
3

A

3
.

within the closed regiom B, Fron the met U(%.,%Q*'@ are re-
guired to gelest a conirel W (ty, Lat s £, to minimize
the integral - v
\ e feny | e : : :
A L GE(eY, w())dE (1.3)
" :

where X (£}, (404, 48 the trajectory of (1,1) corresponding
to the seatrel w(t) U, & C& Cp W -
Thue, for any other control 1}’&”), T el L t.q s
frouw VE,E)and the corresponding trajectory ;1;({«)’ 32 £4 x
wo have: Ce t‘i
' - Fin Ny AR . s = o h Y F -
(Ll w(nde s (L (%(t},v(t};o{,u.
v
3

&,

Any conteel which satisfies the condition enbodied
in the problem formulsted above will be eaiied an optimal
contrel; the corresponding irajectory is the gphimal
2rejestory. : :

fote 1, Bince the permissible contrel can have dige
continuities, it is obvious that 1% the sontroiull) b o2t& L
is optimal and has a correspoending optinal &ragefﬂ;cfry ' .
x@t}} t‘lé(:“-.é & « then any geguent of the optinal trai&a‘tn:ﬁ*gﬁf
1g siso opiimal feor U,4 ¥ &0y where b, &b, 4 Co £
and corrasponds to the sptimal eontror wlf), tak b & Cu,

Wete 2. Since the xight momber of eguation (i.52
does not contoin an ezplicit expression for tiwe, the el
U(E, €. in addition to the somtral w(t}, L, % U480, alwe con~
teins the control ’L‘!’(‘i‘}:u(&“vz—’”ﬂjtgm’s’ﬁtr’x b7, whers T° is
arbitrary., , '

12 LEMel, then the integral (1.3) is egqual to the
gifference t‘aut,“vﬁ,,&@ , the time of passapge Lrow posi%imu
ﬁ:, to position “E;L i mininized and we have the opiimally
rapid probiem (ref., 7). :

&




Hanceforth, the permissiblie coatrel and corresponding
trajectory will always be assumed as determined on one and
the same segment of the time axis, For this reasoen, thias
segment will be’ inzdicated only for the control or the tra-
jectory., ALl ef the solutions to the diffe rential eyuation
wiil be assumed t6 be @antinuoun, In the nost important
iormulatiﬁna. this cnntinuity will sometimes be mentiane&
axplicitly,

3., & seoond (mquivalant) fornmulation of the basls
protlem. Let us give a second {(equivalent) formulation
of our optimal problem which is wmore convenient for the
purposes of subsequent formulations and proofes,

Lot us introduce an (ntl)~dimensional phasge epaca
'%ﬁ*\g whose pointe, in contradistinction to those of %,
will he desgignated as foilows (without the bar):

o . 4‘
K (RN M) = (xe X6  SEN
where
h" . ) ) o §
x o= (#',.., ‘%“)E‘XM
The phase space X wiitl henceforth always bo Seimmtde-
fied with the subapsce %20 p2 ppace K™V, so tkat
y‘gfg x)’ . Any function {, ) whioch depends on ﬁhu

argument g.é-x can be considered a function ef o ( % {}
determined by the faormula

() =B (xo,0) = F (R

Por the sake of symmetry %+ tha subsequent formulkas, let us
introduoe the notation: '

LIE, Wy = £°X, u.') fb\(%;":))
5% ,d)?'g (F,m)= CF X 1"")4; T (?‘)“) “’pn(;z.,u)') ' .
= (820, W) TG,w)), : (.“[‘)
where the vector ’5'(?& w)= (i, Wi, P“(ﬂﬁ,u&.}) . 5o ds~
fined by forwmula (1,2), Let us note the faet that the funoe

tion £ (%,u) is independent of the coordinate ®® , and that
1ts3 vaiues lle within X"ri

By G let us dano%e the product ef tha closed reglon
by the axis ®K®, The region G, just as B, is given in the
neighborhood of its boundary by the inequality

g (%) = 3 (&) 4.0

‘while the boundaxy == by - the ﬁquatimn__W%d_'

6




8 (%) =0
The region G h&ﬁ'@‘wﬁguiﬁr‘nwﬁim%nﬁ%ﬁnai baundary of comnr
¢dnucusly variable eurvature, and the veoctor ' ;

’ 'éﬁﬂﬁJ gada (¥ = é%éj)%ﬁh - 2 N\ .
| _‘,Bgr»-. . A S ".i','ﬁ 2! .‘ )‘E%“B “
: o - _ ~
=(0,5%, 2y =0 gvod g (3))

does no6t go to mero enywhere o5 the houndary.

Let the equaticn of motion of the phase point qgs(ﬁﬁﬁjg

have the form

Thig equation cbylously combines (1.1) and the
relationship

Y Ry
” “&'ggﬁ (&), w(e)de
N ,

7o each sontrol m{@Htgﬁi?é;?g ; im the set W
10t ugs append a trajectory
w\ -t P Y £
Co(e) s eo(E), WYy, b avat
of equation (L.5) with the initial vaiue

[ ; f;: :
.470&6"&):“*@ = ' ‘ (2483

%t

where %(0)5 &U&E, fs the trajectory of eguation (1,10
" sorrespending to the control w{t) with the bouadaxy valuas

m el . el
AR iy :
\ K(wi‘} %H figt‘x‘:}ngb) -
Consequently, the trajectory “7:,{.&;“)»’ b, & C&Ca 1ies whally
within the clesed oylismdrical reglon G and ' ‘

Yo (,tz,’)- = ('Ko(ﬁ:w)? Ez )J
rz
% (02) 2 R, () dE,

Thus, the end %Qﬁ}of ‘the trajectory céﬁﬁ lies on the
girect from X™!, passing through point (08, wnd parallel
to the axis H°. . : '

. Converssly, if M&LV),%,é:ifé C, is an arbitrary
pernissible control with a.trajeeﬁoryeﬁ(f) of squation (L.8)

where




with an initial alaw iloﬁ} &nﬁ en& p@int yﬁ%ﬁiyiag &n tka
direet . W s then m..fwéuggsg,} |

In view of these @mn@id@r&tiaa, our pruhlem nay be
formulated in the' foilowing wannsar,
. A second (equivalent) fermulation of the apﬁimm&
problen, Wa are fto £ind n permissible control wlt), ?k-rﬁ'tm
such that the end~pa%nt?§ﬁ%«af the trajectory of equaticn
(1.57 with the initial value (1.8} 1ies on ths dirvectwV
and the coordinate x°(.) is minimum,: while tle trajectery
7@@3 ties wholly within the ecissed region G,

Such & trajectory will also be called epiimal.

2. thim%;“ﬁxagaaﬁbriaa Lyizng on the Boundary
of a Bsgion

Phis paragraph catains a proof of thooren %, whlch

- givez » compleis system of necessary conditions matigtfied

by any vegulat optimal trajectory lying wholly oan the '
boundary ()0 of region G, The concept of a regulsr trajectory
iving on the boundary of region G iz detined in paragraph

i,

., Buasioc definitiouns, Let qy (?ﬁpyu @n) be &
covarizat vector of the space X The bvasic role is
benceforth played by the scalar £nneti¢n§4@kﬁ:m) of the
three vegtari&t argumentm,%ﬁ, by defined as the scalar

product 1 &
Hlp i) = TG

where the veetwr&@%u}ia givaa by formule (L.4), (Scalar
msltiplication will henceforth be 1ndicated by means ef =
point.} : :
If we holda fixed the argumantu#,‘& ané vary u over
the sst S} H becomes a funcition of the single argument u.
The precise upper bound of thim funetiom (in the set R
will be dcuwtod by M{\?,’N)

Mg A e 2 HEH- e

Let us introduce the netation:




‘oH /o i
: e Q"'pj”@; e 55(? ) (‘C (‘% M}‘ S:(‘%’”‘} 5(%“}
MM P ”
Jadhl S Looett e Ve (T ij o, OH
o (:;';:o 4 ":5;%1 ¢ J?xn/} ( ) 2’5” . 5"?5,“\); i{gégj
o & ™ |
f'%:““ ;<g'~ﬂ)““;g,~§.~ .«
Bguation (L. 5) &an wow be writien in tha form
o _ Qg X ‘ (2,4§

4 - N e
| X = ¢
Let ug consider the iinsar hammg@nmouﬂ equatiam with
reapeat to Yt .

o
P - H {3 SN "") '
v= "i‘“*“’é%“f‘“"‘“” | o (2.8

Bouations (2,4)~(2,5) jaintly form a Eﬁmiltanian
gysten with Haniltonian fumnotion (2,13, 1If wy(t) %’(t’) u(g—)

iz an arbitrary soiution of equation (2,3), wher&iyﬁb‘
‘_ng“L ,qn&)X, then %%sﬁwanst, gince H 4ig independent of

%z® {see (2,3)).
By avaz@ay wi&ﬁ {2, 3} let us introduce the definiticns:

b ()= S : ‘2%(«434‘(){,; ‘4) é'&%w){} @ " 7
a—i 5 {V’ ).; r ({3,8)

D lul 3
e )0

%' " ™, }~)'
Q([ ) )‘ h?e’. {};{s
Rl DS A %w, w»)
T/

where &Cﬁ «Ef im the eguation eof the boundery of reglen G

(see aection 1, paragraph 3), _
in erder for trajeﬂtorv‘ﬁft)tf Uy ot equatian
{1,8), corresponding to w“{, to iie whaiiy on ths boundary
‘qew} 0 » 4% iz neceasary and sufficient that

wmgwm%@,&mwwxﬂﬁwﬁ

. 9 )




The paiat?ﬁéﬁ?w will be ecalled regulay relative %o
point wEll . provided that the following sunditions are
satisdied: L ' . v
lﬁ_b(%wu‘t‘}'za; I

z.ahﬁﬁigy“ﬁﬁ:@.
w0

3., 4f u, is 2 boundary point ¢f the set (L s Lhen:
it is poasible to find contimuously differemtiable scalar
functions ‘ : : :

%1 () sobE s : - | (24—‘?)
suech that the set I in the naighbarhp@d of polnt u,
iz given by the system of ineguelitiss '

i () &0, s (w)_ €0
while ;n"gaint ulhitﬁava ‘
Gyl =0 = %5 () =0 (2.8

and the vastors

L - . ",
S {¥,, w) Os, () v y o)
';fu& o w%::»l %it‘&(ﬁ C;,, (‘J‘a);..-! igi..%{.ﬁ‘—‘) 2 (2.8)

are independsnt. , 1'%'{@"&6{“{“')

Condition 3 may be considered o special case of con~
dition 3 if we set 8 = 0 in the latter whem u. 2 an fnter-
aal point of the set ). This we wili do henceforth,

The geonetrical significance of condition 3 conmmisis
in the fact that in the neighborhvod of point uf ne met b
is ‘& clvsed region with a piscewise-smooth boundary, whila
the (r~ll-~dimensional bq?nﬁm of the regiom azre swmooih hyper—
surfaces of the spaea'éf y located in general position at
the point of intersection of v ; point u. iteelf liss on the
{r-g)~dimensional smosth Ppidge® of ihe boundary, defined as
the get of molutiocne to the eystey '

g w)=_ =qsl) =0 | - Gaae

lying nesr point Uy Thip "riaga“‘ﬁsﬂleaatmﬂ in the g@ﬂer&l
viednity of point Uy with a smesth {rul)mdimensi¢n&1 ,
hypersurface, given in the neighborhood of point uy by the

10




e
s e 05, o e Tagy ot b e g A % &
tee Hote at bolien el page ~4,

ny the concept of regular ity, wa g£hall now
“te constructicn which will be ne eded in

equa%iwu WW¢

ok
.m
(-:’{
&
-
e
T
P B
M

tet K.Uu k) be n continuously differsatizble

fnnaﬁéﬂﬂ af the soalar aggu@e&*ﬁ %{ﬂi and the
avameter W, and et JC{%, 4,0 pgm,m} .

Kf the peint o, is regular relative fo Wl

«nen the agysiem

4

ey Y P e [T

L O I P .
is relotive fo esvéain a4l coordimntes of the
Ve poinm Sy, SO, for example, velotive

g4+l coordinates:

PR 1NN ; . Dk B N . 3 i ‘o f 4,‘: ”t E&’

i I NN L T S PR R et

the fumetlons L0, o= o0 % 4 are gconidil
;]

if nitable with reapest te all @ smentg, Subeitiiu
fhoee funationg in (1,3} dan plazoe of pars ”“tﬁr“‘{z”“
b

f{/"‘.’
) AR VAN B 5 "!‘,“.,“4 o .,._;,A
-~ YL " A1 {@m.ﬁ, A g
d TR SV o & PO
.4, R [N I
4 ©f
w
—

V.h
;1

o L g B
» notions $i1 va*naa lying
near hhe ﬁﬁrrezwﬁm ing c‘urdxf% BG ”‘1““915 ¢f veclior u,
Let usm suvhgtitutse them Inte {5,147 and denots Lj%wv~
goliutisn to the regulitiang eguation WAﬁh ¢the inltisl valus

Al / ™ . 4 -~ Y
#‘&khrw R T

Cuviosusiy, the sointion %LYJis now detsrminsd ov
o {ang for a sufficiently

ﬁﬁt‘a ey 3@?57}31‘\ "j; "i:':" c'.:_'_ Efu?:{‘é. 1 :5:. Eﬁg’i“ .J
K u@&t@ry st equation {1,282 which
. ¢y,
'}:: .i"“) A '\.'"-,. ;) -y -
and, in sddtion,
s
s

H
s
s

the Hyege

11




Let us denote by X%, the set of thoge «%.% relative to
which the poeint ¥ is regular, The ﬁe%-@ﬂgcan turn ocut to be

ﬁmp‘&y *

The trajectorywit), 274 T, a2 equation (L.5) correme
ponding te the control n{t}) and lying wholly oz the boundary
of reglion G will be called nmgg;ﬂr %f“:btzmﬁﬁjxat gach
paint of contiauity ¢ of the control u{td)s; £¥f, on the ather
hand, t iz a point of dilzcpntinmgity - in the control, then
it iz reguired that

OpEes i)

2

any optimal trajectory kying on the boundars

and at tuo sawme time vegular will be ealled a repg

C For points L iying on the bhoundary ,ax, G
for whichrdv@ is not sapty, let usg dafine *na axpxﬁﬂaﬁom
xuéuﬁﬁ by the egustion

. i1 ey \»‘:' 94‘ (R !"“é 2 , 'Lv-}%‘."’ w.\ a e
NS ST . 28 PRV (2,12)
. AN e

If X 45 a reguily point in the bmumdurv uz% = relative to
the pelus wi ., and in the point’ ﬁf ,iui where vector @'is
arbaLrary,

Coe
7 o wr %
b k?wﬁjwj ?sﬂ, ,
then accordiag te the rule feor Lagrange multipiiers, there
igt reml ﬁnnhvv@;‘kﬁ Ry suen that

R
e.?’, W, 4y
L s {2@&3)

il are the functioms (2,7) which play a
¢ a2finition of the <oncept of regularity, Gene-
ing, all of the V. do no% simultanesusly go to
is & boundary peint of the set Jr(Sx0l.1f ¢ is

¥ u i
an irternal peint of set {;{gxﬁj,iﬁ then follows fwom (2,12)

cato- AWHW Wik 14 g O
oaton R iz <¢olliasar to the veotor U
S ha >

“alitheuzh th@ functions (2,7} are not determined
veaiues, it follows from Condition 3 that the
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Finaily, letd,; be geinte in region d) such that the point

%02 the unvarisd trajectory is regular relmtive to Vig; 3
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Pop g i ®£’~"§a%ﬁw@”@uﬁﬁMVﬁ%tiy, on the segmony v, 4 ~§ﬁwaiﬂf
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Im edditicg te thism, 1% foliowse Pfrom {2,583 that
(s P '{: . O U SRR 1
) . i # c bl ¢
)"{.!J’! “’,‘;{J%‘;)‘ i‘)!mj r( % L } ; i‘?ﬁ'ﬁﬁi}

o

vhere T“w{fig ig » tangential surface %9 boundary %{%&‘hﬁ

(J:"" "LIJ;.(}:": d"‘*"&‘:’a,}#' )
12 v onof , then the preduct Y5 Moy the nunber

"{. i?f f24 Ji‘i‘é‘é)‘fﬂl W "E‘-)I "6“5 ,u o C’ w{t} g :iﬁ angtyugtgﬁ cﬁ'ﬁ‘bl’é?’*’?&“*ly
with the varied trajectory ?
v I DR - T L }

Lﬁ{nt{(.";fﬁ’ﬁf}‘}ijj 4 ;G%,' ﬁ'[ fuﬁl 6
on the sepment 5’5% LA ‘C,L’:ﬁ}a’”{”‘ k}‘y Ahe abﬁ-%w wethod, whereia Lhe
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ig conziructed on the segment U, £ U<l ﬁtgﬂ@ﬁz) concurrently

with the evrresponding varied trajeatary
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gunmed Yo o4 A
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thig order pf accurasy doez nel aifset the mapnttuds o€
yeotor (2,603, and consequsntly, the cones Kﬂharm gingle-
vaiued.,
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foy . ﬂ. : . =
4 E e s {) K £ : Vi ‘

s Suxin 3 3} j t"‘.:' ‘} e ]

sueh thxt the ﬁraﬁ@c%&rieﬁ of tho Family satisfy the initial
copditlions '

SUEG ¥ e ,Vn, €)2il0g for any g o

and the final conditionsg
1%

| A
Y(r 460y By e, Fa,e) = W(B) FERE Wt 0le) g4y

®wy

YN

By congtruction, the parallisisplped "
o " 7 . S
*%%f{t},}*":’ ‘(c’;(’c&g'} Q%Yé}' N A

P
oaT
enclogss within it a portion of ray 3,

Let © be pome pr@jaet&@n of the neighborhood of
point %(t.) {(reiative te X"y on plane T(#{t)}. We cap assume
that this neighborhosd containg all pointe (2,64), ﬁﬁnce
the ununbersg £, , ,F¥% can be erbitrerily small.

vaiavﬁ?y,

5 . P »,v S » {‘s(’: - |

f_-}y {:b?_,},&{;;’! A tﬂ;»@(%’(r %ég_:ﬂ&‘i ) |
kg b '\ . ) "’)

B (et v €5 KAL) 0f) = nlt)re 2 o)
ef = : x4

sines for any point ‘% f?,})

Ay -
Gy

. L, ‘
Let ug deifine the contimsous mapping TZV )*§&%;~uykjﬂ)
Ly meang of the equatiana, :
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Let gwﬁgk9¢~»-;0f;ﬁ >0 ‘ ha a rzndom
jnternal point of vy & ‘gntloséd within r‘ : 4t is enveloped
in the fTora of & ”u%m O ¥y f*;u~ iy Y, fnr the asbhping ff
witk tndexw L. Conpenuentliy, the equation zelative to Y, . ﬂfn,'?;

’

;o.':"" ,;"“"i ’E;‘ “ rs -, )
T E) e m(E) (B0

for suifivlentliy ﬁﬁﬁli & was a4t least one sointion, For
s & the laiter edmai an 4z eguivalent 10 the eguaticn

@g{t

A
E

¢u‘,=

tEf Y £ 5 IR

A peint in the right momber of
belongs wr Boundary sl%isC  and

rense, the following auuation

% & 4
tion regsrdian The optinadl ity
£ o % ‘-

RN | Lw,, - T Y .r* ‘«‘“ g f BT
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Lemma 3, There euiste a contiruous solutien
', ) B _'41‘ . o N
, fe) = (o (Ed, b lt)), €, 4 &by,
o - T
ts the afuation 3§ (e LY, w }\} o NG "”E, ;{“— !"’“Lt)i.}gﬁé

7 o~

Fd
e [ g M e e Y
e L%

H .
@ (2,65

suoh that im zaek point wherelsn controls wit) is comntiauocus
the mamimum condition
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in madéion to this, the following ecxuiitionm are fulfilled:
wl Yo (£} = consl & O
B) vectory(l,) is not coilinear to vector gind
c) 5t the poinis of differentisbility of fhe pi
mmn@%% gaakay fuﬁbanan«\it m»»ﬁﬁwﬁ ﬁﬁi l'énruwﬁfzg e ventey

dég;ﬁ %{1d05wamﬁ

ig direc%ﬁd ints reglen G or goes to azero,

Proct, On the basis of i@mma,&g thyough ap&xﬁ£ 3@%
a@n@‘aiﬁﬁiug it is powsible to pase an (n-Ll)-dinspsional
reforence surfase te k lying iﬁ1é%bm}} and ﬁ@ﬁaratimg aene k
from ray &, The vedtorcwhich f@-orihégbnal to this suriace,
iies m“up(r,,),, and ig directed toward ray 3 will !w denoted
by %‘: ‘?"W‘J ' Y n) o Ve have:

X (1,0, ..., 0) == Re2 D
L08.,K, 4 O, Bince ¥  lies in Teelty) thé'v&cgora |
L o4 ¢ {Mt“)) | - . (2.88)

re indap»m&ﬁﬁ 4
vecter © whiea amﬂmraing to Formulz (2 a&a» correspsuda

te the random varied trajectory 5 {v) with the initlal
seudition ?ﬁ_ ER U41 » satiefies the ilnequallity
% b £ D, (2,69)

The required funetion (¥}, 04050, 45 dsvined ap the
golution fo (2,683 which satisfies the boundary sondition
‘%;z‘@'“‘; » ‘:° . ‘ £ vy r‘\ .
: : R 702

Indeed, let us Bave tha% a2t & ceritain polat of dig-
continuity *w of conirol u{t}

L{&V &(ui,w( TY) < wxf¢{T)J%{%}l

in cther words, there exisis a paﬁnt«$4V5L .rela&iw@ ta
which the point %(t} 1s regular and '

%”‘E i? ('C‘},';’(!(c”},) VA I 3 (:“5’ ( “{({,‘ M.U‘})

Let us construct a solutien o), yltl, Lk b &0, to pysten {5.243,

setting as pavansters Loy the cuuirol v o gingle defining sogne
mf leungth & affixed to a sipgle defining point T, shd &
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juternal point of ray 8- &mﬁl@&

dn the form o
with indew i,
e LY

e
"

i
for suifict

@g(t¢

.

A point inm the right member of tus squation zinultanecusly
belongs to &@unﬁwrwaﬁw‘-n
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Conpeygnently., ﬁﬁa

£ . / L
”{f’{:{jrﬁ, f = (‘,vbn )Jl » E}; ey g C’ ;

"
auivalent 46 the gouatisn

I' 5 o B Az
(e, cvs T, €)

*@1y geall & bhas
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rEp L E) S s,

egquation i &
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v optinalld
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—
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{
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& e gt e 28

&
sach point wher

&
sndition
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Y
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wt Leant one golntion.

/ PN
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s:;? tﬁ*aj@&%@ry%&y} nolds:
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1
a ceontinsvous solution
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a madiien to thiz, the fellowing cengitions are fulfilled:
w) P (E) = const & O
b1 veatﬂ#¢im}i@ sot coilinear to vecter @fméi ,ﬁ&iﬁ)h
2) 8% the poiais of ﬁlif-ﬁawm*ﬁiab:iii'&y of the piéosvise=
smocth sealar ﬁuna@ian,R&t}mwwgﬁﬁ)éﬁ(ti,faat"é.ti , the vector

N fay -
ﬁg:?;hg..é aé{_'f.i,d \é} (% ({“})

15 dirscted into region G &Y gees to mero, | .

, Froof, On the basis of lemme 2, through apex 'Xj{.’},}m”;
cone L CTo(t)) 1t 48 possible to pase an (n-l)j-dinensienal
reZerence surfsce to X lyimg ia T (t)) end separating cone K
from ray &. The rvedtorowhich E6rorthbégbnal 4o this surfaos,
1ies ini(x{t)), and is directed toward ray 8 wili be denoted
by K=(to, ..., Xn) + ¥e Bave: o

N =1, 0, ., D) =Rz 0y
ﬁ.‘,ee.,,?(;hf; . Bince ¥ lies in Té’}&(ﬁ“;{}'} , the wectsrs

A ‘,}‘i%” e) . (2,880
are f}.ndapan&fax@:a

Vecter © whinh accordiag to formele (2,587
to the rangom varied trajestory y (V) with tho
condition 3(}5,):{:‘;()‘6\} . suitisfins the inequality

% » g o, {7 . ' | ., 'y

The reguired fﬁumzx‘éﬁ:mm‘@(ﬁé‘} L4040, 1 gefined an the
geiution to {(2.65) which satisfies the boundary condition

frey . &y : S
@ %nt‘?n-i - /%v - {Eﬂ?ﬁ)

indeed, let us Bave that at a2 certain polint of dig=
continuity T of control ult)

W (g ey, G e (T1) < m () MR,

in cther words, there exists a point L relative te
which the point %-c"t} is ragulay apd - ' ‘

Hy©) ), o) > WY ®),%(T), ). (2,75)

Lot us comstruet a molutien ot} y(t) L&l &l ¢ syetem (3.24),
gatting as parameters for the coutrel v a single definlp
n? length &£ affixed to & sipgle delining point T, apd &
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siven by the systaen
" :":."\ B ~, .
. P e 2, 3 27 wn Y . Y - .
E-« ““&v-’{%r%}; & "'L-).j ?.*‘- UP{_,,{':}“ P
From {2,867 %%t Loilows that the vector for tuis

txajwctory hag Lhe Forme
6‘:;.?\_1_?{&‘;‘ """ (4 Gelndy, o) = § (), wi(@)],

Cosasauently, from (2,42) we obtain:

%Wa%t)iidﬁﬁWWwﬂmﬁwﬁmﬁﬂm .
= *?’C?}'Lf' (w{vD - f (L),’A(L}u -0,

 whioh aoﬁ%réﬁiatﬁ ﬂ%mqnalitg tzﬁ?ij.

Tn prove formuls (2.47) we construct the varied

trajetltory o , .
y ), etk b, +E6F

. e s P oy . .
with parameters [ (W, 4}, 0 =0 du =
corresponds to the varied eeatrel oo

v(EEule) , biatéb +Ep.

Pt}

i

Tne vester ¢ for this trajosieory has the Lorm
’ ) '; 5, W
= pflufrd wlt).

(2.67) follows from duuvations (8,66), ﬁﬁg?&}; amﬁ the
inevuaslity : . o

Condition a) of lemmz 2 foilows from i&euu&kwhy

X§~C9and the independence of the right member of (2,65

2rom LT, » _
Condition b)) fnlilews from the ind@p@ndauc@ of wveotors .

‘ret us prove comdition e), Let @[t)/ (t), tetsly

be the solution ef systenm (2,24} ohixined by weans of the
sons tructisn of paragraph 3 ¢lemma L) and satiwiyiag tha

initieal walue. \
’ A"‘){»%;.}::”Xf\t!].

Then #{ﬁ) ig 5 varisd cantra& £in the ang@ af
paragraph 42 wii n@ut definiag paimtﬂ, while v&i} g(t}vﬁkau}wﬁ"
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vearied twajoctory salrasspdénding te the
‘_?;@)?é#gw From forsulas (8,80} and {2asu}
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A Lﬁ?l?uﬁiﬂ? i this equatiosn the expression ferfgf« £ram
Fans N, ‘ .
{23,442, we e:jbﬁ&wg a2 00 M
P z‘ “

K : . % = o “{q {,ﬁH} {.i‘ “ﬁ .
A& 2 oo (FEEY )

Integrat ms by purias umﬁ taking inte scoeus
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i
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{fﬂa in the osse whers ﬁ%ﬁ& noh

C> whick play a psrt in the defl
p o

eﬁn»aiwa peinty w2, we obia

e e g

& (WP
o o {

¥

Binse the poinite gb can boe gelzoted ow %?ajﬁ@ ““N@g&
vanden, provided that these polnis do not coincide with the
ands ol the trajestory, and since the neighberhoovds . are
arzditrarily small and the ﬁuﬁatimnaaﬂ&}nunwm&gativwg’%xom
the last im%%uality there follows the following ineouality
dN) | | |
r}g v £ O
wbjﬂh in the pregent case 18 sguivalent ta condition ¢J,
singe vector %4m%{ﬂ €}) serves as the extsynal normal fo
vegion G,

To ecouplete the proof of theorem L 11 is BOCLBEHTY
first of all to sstablish that the %uneti&n ﬂ{%‘n«~wf%iwyit)
satisfien relation {(2,.137:
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moy gentndly b pEOTH bid & jLike LA

A G G R S TC R L)

gt the contyol rupture poeintag 2ipalliy, 4t.is necegsaxy %

astablish the consianey of funetion H(t)= H(«p(,t);ﬂ«:f?'x S an tho

‘Lv
«mg-ﬁnm\g g,)l‘: e . H

() = Hp ), (0 w8z mld (6),% (6]} = const, b i4bely,
whors, acoording to +he econdition assumed, |
Hie)e H(E-0) |

=% the centrol rupiuwrae points.
Te prove sgustion (%.,72), let us note that the

conrdinatas of vector AleYe (R B0 r\"“ ) aua:ﬁy
(2,35 a
squations (Be355° oy i e) E%Cr} (6)) b iy 0 Lo
NN (M(‘&“g)mﬁ‘fiﬁ " ﬂy&{t‘} 3 M = fﬁc T, '@ ¢
.‘ b«"b . aw !,g( o 4

A
s ’ P o T KN 3
{,g‘“ O, W, o= e S i j

gumming these equations with P/ (t), ;=0
index §, w® obtain a8+l equations .ﬁ » " o)
‘ AN - o (o le) , w itd)

S (b H e (el el »‘:} ST AL

éu_ﬂfﬁ f (.r.?‘?' s
fron wMah results o ﬂinm@w@a‘m%& fazction AEy {akoeg
with funetiomeyelt), fsl. 83,

On the eoihsy :&mn@?
b (méé‘(t’) n (), wle}) = w guu,? (¥),% U.z‘

and, according to the rule for }Lm grapge waltipli eamﬁ,\‘
DML % D, E)) L NF )2 {w"f Jaled 3 o+ gllt)

e = oo in

B _ : ‘%,_‘.m T
cnmaequmﬂﬁly, : R : of =
X0, w.;\”*‘(z»; 9, (t)= VE(E), A=

Let uz now prove the @qu&hun

LI""& ("%"’ ,%(?)!wgv«-“&;) (g‘blf_} W(.“)i

&t pointes of rupture of centroel uf{t).

The Function RARIRTL {(+},4) is continucug with respect
to % for fized u, Let T be a rupture point in contral wit).
By agreemont, wir = wil- c}*md the yulnt %f‘(’) is regulmy relative
to points u.h:mtﬂ’}j. o, Lf

H{agpa ROy }) Lo (%%i{m) % ));
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e Wv“wﬂ a puhaby

T oim cautinuwuw &t poeiat U ¢rwm the Iaft

S

sangenuentiy, for aby polind LLAT guffiaiently clogs i}'E:
Wl () e te) w8 < b (60,2000, w )
Binve paint b ﬁﬁ stose to U andwfuoid),
Uu E‘ {ad aif l\‘:}'»}- '
and for %hig.r@ﬁﬁmm ﬁh@ iast imm¢zmiity yields:
H e 4), 6 (v} wit &) w e, w) £ mwé’&) b {t))

!
tn contradicticon to lomna g, ) .
g prove the constancy of tunction H{Tj=mit )
rirst prove that 1t iz continucuns, To do this, 1t
ent to show that at every co n%r@l ?uytuvg pﬁ Eiye

i
[%?,fikﬁ,uAga o)) ‘n‘J(%gﬁ) %), ( E“i‘

ks

Fet
vl {4
Let L0T be o peint cless to U g th@n
Dt 158 o f0Y wafre Y el ¥l e b e ; X
i {}“}4 Lo }‘ b}y W0 i~ { ¥ éu. /, H (,f,) ki) = m{’&?{’:{'}i fw{;’»zn
g . b, - Y] :,,

gince the point Nfﬁ}is w@?ular reintive to point wio—0),
Consequaentiy, '

Pl s [ . .y v WY A Y e £
vl (W 50, wle—oll s WA e 0
Yhe COBTerse ineguaiiltv. is proved in an mnmkﬁaeuﬁ BOaNney,

ket us show that funai&ﬁw ?ﬁ{)ﬂg sopetant over sach
snteren) in which funcitions & ;}{t,)m +) BE@ ”ﬁmujumh ously
giffeventishie, Indesd, : : '

Ha2ate

6. Gensrallimamtions., Imn this sectien we will describe
sevarsi obvious generalisations of theosrem I, We will Ximit
sureelyes to the fornulation of vesults, gisee the pﬂﬁ@fﬁ
giffer iittis from the proef of theorem I,




in proving theorem 1 the deecisive role was played
tv the relationship between and u given by the eduation
- it

Y Y ~
Lo/ S N L
- Sl ;
o ‘}/‘ [ pdem - \_*“__ ! }h: 5
H I TR
P 5

was usged only in proving ennditions b) and ¢) of thsovrem %,
a iis of the proof convinces us of the correst=

b
A Cursory anaiys
ness of the following theorem 1l,a.

f.e% there be given n continuously differentiable .
Fumctions By (¥, %, D o= o independent of coordinate K.
Poeint % 4 f@gular‘relz? ive to poinit La?éipj which setizfics the
gorsten

«_ﬁ"',y_.ik,'; ““,‘u{_\‘xr!‘,:"}

1a determined aa beiore, that in the pr@seﬁt cans
instead of reguiring that vecltors {2,2) be independent,

we reguire the independence of vectors

Gy 2, Vel .. CoE :f‘/ o Vi e 7 ;
Y T ’ T ’ AN LNtk
. ’ ! 4 - e
Theorem 1,s, Let - ¢ T, %1% Y be an optinal

3y & . «
control and &~ 7, the corresponding regular cptinal trajectory
} i 3 the

ing
6F eauation {3,8) satisfying th following system of equations
on the ssgment T Lo ox 7 :
. ‘.
SR S R LA ii T (2,73}

Then there sxigis & non=zero contlnuous covarlant vectior

FURCEION W 5 s el ey T T ch that on the
o . . .
= oL the following syst@m of equations 1is

'ff . - " V‘l V
-~ ,‘{

- . N %
i T LN T,
is fulfiiledy; furthermore
{a';“?“k",;}; ey - z ;
the piecewige-gmooth functlons fi‘@gﬂrxr~wi“,'xi’-%AT;
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areg deternined frorm the maximum copdition as Lagrange
multipiiers in the foruula

- '. . T o { ko % N
i ‘7{' Vi . 5 .7 t - fo N H
. Somom o UPAYV L T N e
PR PR CE S
§ A . 4

The solution of the optimal which in place ef equations

(2,73) incorporates the inecualities

Lo

iz easily reducell o the theoren formulated above,

Inteed, introducing m additionsl scalar contrel
ing th

parameters w‘tﬁ.,.,'g gsatisfving the inequalitias = = 7,
and considering iq place of Inmequaliiities {2,74) the suntions

- i e N - = T 2
O A 2 b 2005y R

i EEE

~

we arrive at the conditions of theoren isa,
Finaily, we note that theorsm 1 is dirsctiy pgeneralized

in the case where region G is given near the boundary by
several, 1ot us gay two, inequalities
AR T D, e T

. +

while the regular opiimal trajectory lies on the (a=2)-
dimensional "ridesett

<

R S Y.

it 1s of course agsumed at thig point that the hypersurface

"__-".,"..'f . . .o~
—v“fl! R w“ s

ig ﬁeneraTlv criented along the tra vjectory, i.,2,, that the
vectors T, x . ns are independent.,
/9‘4’ Ty
3, Jump Concitions

The optinal trajectory whick lies in the closed region
G can lie partially Iin the open kernel of reglon G and parw
tially on the boundary. In order to make a gingle-valued trace
of such a trajectory, it is insufficient merely to apply the
Hazimum Principle and theoren 1, Act aallv, the Maximum Prin
ciple gives a complete systen of necessary conditions which
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must pe satisfied by any portion of the optimal tr jea%oyy
lying wholly in the open kernel of regﬁan G, while theoren
1 gives the vecegsary conditionz which are wauiwmied by the

portions lying wholly on the boundary of raglon G, We still
lack a conjugation condition satisfied by any palr of
diancent portions of the optimal trajectory, one of which

i in the open kernel of reglen G and the vther on itz
sundary. This conditlon will bhe called the Jump condition
ar the covariant vector fumnction g%j/whiﬁh st the nmoment of
sansaze from one poriion to the osther can exhibii a dig-
continuity {eee the formulation of theorem 23,

Fer purposzs of easy reférancs, paragraph 1 balow
containe a formulaticn of the Mazximum Primciple and the
prosf of a supplenentary lénwa, Paragraph 2 contains basic’
definitians,. and pavograph I == a basic formulation aand
3 réem 2, the jump condition, 3
imum Principie, Let %{t},0,&£F L0, be the

i, i
sptimal trajectory of eguation (1,5) lying whelly in tha
spen Rernel of reglon 8; wiv,, U, &4 0. is the corrasspond-
ing optinal coptrol, Thaen there will be found a continuous
atn-zers function 44 s*i%“! h‘_%x¥ﬂi%}}}f!§nf£;ﬁ; such
that the insguality

and Lthe syste

(3,13
€3.2)
N :,:';’ T S ’?'\ - R
k?;\% "--F"/‘;tgfﬂ;‘; , il bl (u‘;‘ﬁ}
where the value of [\ [ #, is giv@n by formuls (2,2},
are satisfied on the gegment 4 L4 .
The Maxinoum “rimciple holds in the case when one or
both of the ends ¥/ 7 ff:,)& the trajectory lie on boundary
’}ﬁjz{‘ For examglé, 1et only the initial wo*nt»$gﬂi the trajec-
tory lie on the boundary. Then for b e¢b & "o Lo~

a portion of trajeatery # (v 3dies in th@ spen kernei eof
r?gaﬁn G, and conzeguentiy there sxizits a ﬁumciﬁuﬁagﬁﬁﬁz

o

Titwie T which satisfies the requirements of the Maximum

Principle on the megment ﬁ+ﬁ &>, 4+ For the fanily of
fu 1ct10aﬁﬁﬁ [t/ a8 G -» U there exiszis a 1init;wg function

,.L..;,..,‘.r'm 4
Wi/, Selsw U which will bhe the ens that is =mought,
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& detailed wroel of +ae Moximum Principle iz fsund
in ref, 6, fhe basi role in this procf is played by the
srangpogition. soastructian alﬁn the optimal trajectory
PRL I ¢4, with the aid of the equation in variations

PR B
e d%-;\}{;(,”},u(cjj
GYW =
(»‘4{/ ‘:3&4}

for equation {(3,1) and the construciion of varied contrsls
v¥{t) and varled trajectories y*¥(t) which differ 1ittle Ffrom
optimal conitrol ui{t}) and opltinal trajectaryﬂ&&}¢

If the fundamental system of asclutions to equatiou
{3,443 iz denoted asm

¥ SR -~ - L
5 f - £ 3 " "L pronl ;
\fl} '\“?:/I,;‘.. ; {{/‘V‘(t‘l 3 ] = ¥ LZJ"
the vecior “ ', Ve oy
o Fale = . Yo X {tJ,

given at point x (¢, after transposition zlong the trajectory
to point X{¢) with the aild of equation {(3,4), passes inte
the vector . ~

. . : PR
P*oe %)b‘ (e = :j:- ‘{f‘ (¢, 3 &)‘L * Sy
te, RS
The conatructions of section 2 represent a compiisation
cf the analogous consgtructions in the cass under consideras
tion, since in section 2, in addition to the saﬁiu;,,tmuv
of equation {1,5} we alsc reguired the Ffulfi:

Timent of fthe
following equality: _ .
]; ‘ i ;;,l,x;._-."
R
, I7 we discard this last egquation, systen (2.34) be=
comes the gingle egquation (3,17, while the squation in
variations (2,38) for the gystem {2,24) is replawed by the

aguation in variations (3,45,

in accordance with thie, in placs 0f cones {2,453},
{(2,56) we obtain cones {(3,5), (3,6} with apexes at point
¥ (it "-.}5

g . . ‘ v, g R ey
Loag ! i . ¢ / ¢ 3 ;e
xy‘(\ - *L'o‘.ﬂ:.i“.'bj Lagis Lv"‘, © X"JT’ VA (3@5)
bk : . ~ % ) -
K= S (Far 0T F 0 ) (3.6

where the veetsr ¢ is defined by the formula {(3,7) which
is analogous to formulszs {(2,.60):
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o 0.8 {1 Y
V6D, w50 oy

Tre preoef of the Marimum Principle involves only
cone ¥ corresponding to the auil initial deviations. Cone
A% wili be neesded in paragraph J.
As proef of this point vwe ghall one sinple leuma
which wiil be needed 1In paragraph &,
Lemma, Let x i)t & 7% Uy -+ Dbe the trajestory of
auation (1,6) lying in the c&ased region G and corresponuloes

erc

+u mome permissible control, and Iet ﬁxih) be the only point
ix the trajectory lwying on the bhoundary W{ﬂ} 0 of regleon O,
I %he‘veetar»%fn}ﬁﬁ not taugemﬁ ks haandary qﬁvWﬂ‘ at the

-

sadnt ﬁ¥w and is directed into regien G, then the varled
z,jqcfary 3(?,'“’,3'% U with the initial value

yik}-ﬁvgr;;@&@gglie whooly in the open kermel of reglen G.

Proof,., ¥We have:

ﬁ-”i

Iy 4 4 PR
) N4 g i LK TN SN
Y () = ylE)+ &0 e (&
Consequently, for suiiiclently srall g >0 the szprogsion

- e o, JZ F g A B ’

. . RN Lot Lyl } ; . PR e o B
(v () = o el a‘:;.,;»«.,‘s}i")y? .o v o {e], AR Sk
wF 1#] fyd
hag a negative value,. Indeed, for valuss of t cloess 1o %, .
thisg fellowz from the inegualities
o (e L)Y e Iy
’3? L A e , W . S e
For vaolues of t far removed froem ty, the vaiue of Po L lldd)
1
is maoh grea?&r that ”
i ,{ o
”‘*";*,,@ft“;*"*t"v}ax
while
E fana
2, Bawic defin _g,L o

ke a permissible can%' & be the corresponding
trajectory (not necess rily eptimsll of egustion (1,5) Lyiag

whally - in the closed rmginn G, Seme partions of the itrajectory
may iie on the boundary of region G, and sone within the re-~
gion, 1. e,, in the open kernel of regien G,

Paint x{t¢ -afvtbe trajectory lying on the houndary ef




regiow ¢ will be esliled the junctlon pwint provided that
m,lﬁé t,and there exists a {7 »  such that al leasst one
of the 3agmen%s of trajectory wWit) lies ism the open kornel
ey region G for T~g A T oy LU 4 U7+ g, Henceforih,
for the sake of rigowx, we 8hall always aagsune th 2t the
puriion of the trajectory for which Tm-0"4 U 47T lies within
region G, Time T will be calied the junciure moment,

#e ghall consider trajectoriss with a finite number
of junetion points without! mentioning this explicitly on
each occasion, )

Trajectory %{t), [, ¢ ¢l which lies wholly in the
cilosed region O will be called repulsy if all of Ltz porticns
iying on boundary f‘w} & o0f region G {(mee sectinn 2, para=
graph 1} are reguiar,

Let us assume that (), [, &0 =, is an optimal
control, and thati giﬁ?,t,é;t'ﬁ {~. 48 the corresnénding
optimal regular trajectery of edquation lying whoily i
region G,

Let »{t) be a junction point of trajecteryw(i), =0 ¢,

o

Let us denote by T, &4 T & T, the maximum interval of
segment [0, & U< U, containiag mhe single juncture soment

L €

Thus, a portion of trajectory x(r) lies in the open
kernel of region G for T, (U <« T ; ag regards the segnent
for ("< & © s it iies wholly on bO“ndaryaﬁiwjzc- o

alsoe belongs to the open kernel of region G, and ithen
}ﬂ‘}is the suly point of that sesment of ynt} T, 4T 4T
which lies o6n the boundary of region G,

Consequentliy, the segmento@(f);?,é 49 gatisfies

the Maminmum Principle. The non-zero funciion which correse
ponds te this segmant, ‘

[P S G (U APRRY T *” T L LT
VRGN (‘T'“ (65, ¥, (80}, ©,&ebFeT (3,8)

ig countinuous and satisfies asystem (3,1)~{3,3), Segnment
ﬁ{%ht’é~té{?b gatisfies eithar the reogunirements of theoren
(if 1t lies on boundary (%) = > Y, or the Maximum Prinecilp
{if 1% 1lies within regian G, Tha corresponding continusus
function . .
$rier = ($70, 0 T lE, Cat e |
. (2,93

satisfies esither system (2,14)~{2,18) and conditionz al-c)
of theorem 1, or system (3,1)=(3,3},

s
fty




¥e shall say thai at jJunetiecn polnt ¢ (7} of sontim
siectery % i) 4t & Uy Zying wholly in the

regular T
& r & the ﬁgmﬁ gondition do satisiled if there

¥
ciosed regio
a seg

exints sgmeat % Lt), T o r ¢T,0f the trajeciory such that
T T4 s the mawinmam iﬁfervai of the gegment

o i Coeentaining the single juncﬁure monment % , awpd if
emnts K {) T, £ € U % e}, tete U, tre
runcticng (3,83, (3.,9) &afinﬁﬁvabave can be g6 cheessa that
s the of the two following {ineampatible) conditions is
aatiafze&:

el 5,

P e s o ! Ve - 5
VRS EER p-agxf.i *,YJ{?)))
‘ L]

’ ivslc}
ig = fon b S SRR S P i,
AR IR VIER /R S G (R R ) B £
g T Ay e () = 0, WFE g

i ] 2 > s
whare A is a real number, If the segmsnt U1/, éxfcb lies
en boundary %Qm)frp ., then condition (3.10) is squivai%nﬁ
tg the copdition

since the initial valuey Yoot
asn be changed into z random v
{ses note 4 following paragraph

3, Theorem 2 { the juup

optimal trajecitory of eguation
reglon G contaln a finite nun he“
the’ jﬁqp c@nv$%iﬁnAig gatisfied at

vont, }‘-15*‘ [ :ff} ¢ f"l & iﬂ’—:
trajes avy,z ”;mw the oorrespondin 5y
g%p?) e g Junotion point, and ﬁnxar*éf“q - %h@ razisns
interval containing the single juncture momant 7 . Foow
4the sake of rigery wi aszume thot the 5ﬂgm&mg-%kﬁigga?¢? idem
on boundary 3{;/}:hﬁ o ?ﬂiﬁﬁfffbﬁ} san either lie within
region G or of ity boundary., We shall assume at first that

i
‘_‘iiag within G: im this case, 1t is obwvicus that t}:f‘,
" Let us introduce the eguation ’

. . o
+ G - L o * Y By,
ot =5 (F,w ) (3.12)
ang consider its solution on the segment [0 % (4o T +ep

1

. eP”
where ;* ig any real number and ¢ i3 =z pusitive Iinfinitely
smail megnitude. Cbhvioumly, the asolution to (8.12) are tha
fnnetliens




£y T ag, B Y Np Fme Yy P g ped e o T
wWE ) s w(o-B) y K (,w =AU, LAEETRT e P g 40y
y PR ' .
Let us denoie by A cone (3,53 with apex at the point

KM r-T )y constructed with the aid of trajectory (3,137

of eguation ¢3,12)., By ¥ let us denots the sone (2,55)

with apex at point (Y.} consiructed with the aid of the
regular portion of the optimal trajectory %(&%?fgifé{?,,
» . . N e N - - =
Cone in  1les in the tangential surface T{y({r ) to bounrd-
e 5,

ary < (=0 at point ¥ (r,).
one ¥* 1is formed by the vectors

w
3

e Y Y%k g ke _ o
:“’! L i } F ( { :sf. [ m'{' ’\ i, ) } o * ”} (u¢ 1“%}
N A ’ E
where iz defined by formula (3,7). Coune '\ i3 formed
by the vectors
WO ) ol B wrey s A (3,15)

T R e L 0V S R B I O L

Ty -~ =y

A3 Y
where o 4
Yy

o %, - % g * ; *
s given by formula (2,60, Vectors g%;fn; n%(fé
satisfy the ¢ )

onditions:

either ¢ X [Ti=( o MR SN S T L A
* 4Ty "%z,r-“ “t;if’ti.:~tfx.“:;fi?;‘
in other words, the imitial displacementa ﬁET*w{ﬁ}éT%h&
- . ) a'“‘ it
are either equal to zeroc oy do not cone in contact with 4

boundary g(y)=0 and are divected into region G,
a7 < . A .
In the following consitruction the Vé@ﬁﬁrﬁaﬁﬁwfﬂjtiﬁ§ﬂ7
involved in expressions (3,143, {(3,18) are =2qual to cach

sthear: :
R = 5 Yy PR
po el o= ax{T),
. Ty S PR Fd (301?3

."\ 'ﬁ~ . . -
‘e hY LW . = N P N £
haat ¢ , 3 : e A ; T TERY
. R & 4 ; - , 3 , b R C ) , (,,/ , ¢ RS PE

there correspends a pair of peints which are the endsg of
the corresponding varied trajestories

R . e o . )
}- k¥‘%!f¢“*1 T Ley T L &-ﬁ{tjr .
sl . W . \ {3,185
A A A R R S (.

“. -




it iz masily seepn (vizm, the cnalogous argument in

section 2) that with all of the permissible changes in the

parameters (3,18} aund cosnditlon (3,17) fulfillied, the
pairs ‘ A r}
(/T 1+ 0 ,:‘%/ )*r&)

) ‘A*‘l
form & convex cone L lying in the d‘ract proﬂuct ¥ . X°
with apex at the point {,Xft\!) X!C?z-}/'

~ . * l*‘ f\‘h ~
204 = z’ % 1T }', 5»}(1.-,))—%“ (( % ‘(Q W{g):mg@ \(3 20)

- 2

}+!

The pairs of corresponding ends (3,19) form the game cone L
with an accuraecy of up ts O (&),
rurthermors, it iz cleay that L iz a subcone of

WK == the airect yrﬁdhﬁt of caneg!(“i& » Since W cT(i,)),

LK T (). (3,21) .

¥Tinally, the following conclusions are alss obvious:
§

N A S { A I . oy
Lo O RTex{(T), WD)k, (3.22)
vhere the subcones ¥ v«&h*) e o 1K are defined in
paragraph 1 and paragraph 4 of section 2,

Let ug dencte by 5 the ray eumerging fronm (T, )Jana
givected aiong ihe negative axis XL° , We shall ahow that
the ray %(0))- % lyinmg inm the direct preduct Kl T is net
an internal ray of cons L.

Let us assume the opposite, Then, jJjust as in section 2,
for any sufficiently small £ 30 it is goszible %o prove
the existence of a permissiblie set af parameters (5,.18)

atisfying the eondition (3,17) such that the pair of ends
(3,19} of the corresponding varied trajectories

3 e T Lp OF o) L s wEd
,\} * {:5{} 4 r_, é: t“é [ L-" ey &.-T‘ } y (t); L= be “:rt"; (3,23)

@

iies on the ray~%ffﬁ'5 and does not coincide with itz ini-
tial puint{%{?ﬂ,%itﬁ$’ ®

& e ; s T . s Fe N ’ I o 3
\}? ‘\}-‘ L’; "-"E,‘:}* ):“X' {_Ll}j %}(\z‘?é"?>;"{,{%} A'*”}( { i}'{i" {jf {3«!2’5‘}’
vy ,‘b o,
From oanﬁitaans (3,183, lemma 1, and the asaumption fhat
the point (&) 1s intermal in €, 3%t follows that for suffici=~

ently smallaﬂ»c: trajectory ji*{t%izst<é?:»%}+50?% Lies
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wheily in G; meresover, trajectory y (v} T4 4 @7 w£ 0 lies
in G by construction (see ssection 2). ,
Y o . .
Lot us define the parmissib’a control (f’ L“t?étéi,wfp

and the corresponding trajgctawy;%(+)'? PP LT 4e p OF
forauia (1,8} by the ;alénwiag formulas: ! ¢ !
N 7 f‘“ ﬁ .
1 Vow ;N‘ - . ) . ]
w (€)= L: \/ﬁ, {C} 4 {t-t) for ol ngpﬁ-ﬁ heT
. ) ’ ' y)
‘\J B ) o hod b :l . ! P -y
‘”"‘ (f')“ ele), Wle) - ylb)  fer TLELT, w0

/_.

where Jhyﬁ;arn the varied trajectories (3, 23) anﬁU‘t;l“* are
the eérres onding controls, Obviously, funetions W{t) ¥%(t)

tal »gpﬁékéL4¢ysa»53fy equation (1.5}, and, by condition (3,17
trajectory 4 {{)“ iQ%érk“fEL +ep is continucus at
point anq, cons eguentliy, over the entire segment
T,~p¥eteT, +ep o In addition to this, accerding to
{3,847, we have: |

Nt - eoF) =% {00, w0 G ores) =0T, %Gy, M)

But thess inequaiitias contradict the fact that the segment
%(t), T, £ &£ T, of optimal ftrajeciory ¥ {r), b, «t-&0, is
likewise Gptina1¢

Thus, ray %i,)-s is an internal ray Lfor consg L

From inclusion m&zm 1% follows that

v

Conseguently, there exigts a 2n-dimnensional
e . a\ m

to L at apex(W (T,),%(T))ying in T () - :

cone L from ray K)-S ,Let us denocte the veetor which is

orthegonal to this surface, lies in #¥"TITA (1)) and ir divect-

4 ey AL S PRV SV gz sy
ed in the direction of ray X - aggx,,xﬁ' Wa hawve

MAT b Ao o (T) 4
g B s A% AN L ey
CXF K (D5, 8) = %

NE
where ¢ ¢ are defined by formulas {(3.14), (2.,15) uader the
condition (3,17),
The vector

[#3
-
,
.
S
o
L
-
S
)
g
i
Y
i
T’
L S,
.
&
¢
£
(%)
-

v K20 xar (2.38)

&X i: x )A€ (2,275

s & . .
and for this reason the wvectors Xv X ¢€o not zimultaneously
20 L0 z2ere,




et uy dsnote by,

L)

D {0 b g
%J*QLJ P SIS ol -2 Loy (3,28)

the soiution io &aa agugtion .
Dk = 8 &ﬁ*fbtu»?éfh p *
\P 3 J
which satisgfies the boundary condition

'&‘/‘, s > ’(
\{’) ‘-ﬂ?‘"i‘“a):‘t{t\ / .
vhere the funaﬁiangaxkgkﬁﬁ(t} are defined by farmula (3,13),
By '

t (3,28)

sot us denote the solution to the equation
Yo C’v“{?(f *”} u(t’)}

&,? 2 RS (* W/ ? |

with the boundary condition

"%” (T, - '/<.. -
Using inclusions (3,.,22) as in paragraph 1 and in section
we obtain:

p

% , sy L vl b ey e JFien o
N R C SR 1 GO TS D b= *(e) ) ) =
B EY g ()Y - O ot g Tl
=M=y wrlt)=0  C ra ., .
+ -

l¢
In addition to the latter eguation, the funciion 33*

4 4T aatisfies all conditions of theorem 1, with the possi~
bie szeeption of condition b}, since the equaluiyiﬁ ¢, and,
_consequently the ldentity %ﬂvk}r( are not excluded.

s‘_,f

Let
\’g - {ﬁ’?z—-»q:#"g’ (c-t), T, ¢teT, (3.31)
thioaslg, ) L owlt) %t)) e “~ o . e
q')"(,t') — ok &ICxN}; A, M»—w-tP (ﬁ',k' \? ( e )’% i b & ,
H = ()0 (8], w(E)) = M7 (), %(6)) =0

From inequality (3,27) it follows that at least ons
o7 the functioms ¢ (Y y*(tjis different from zero. It is proved
below that ?Tﬂ#ﬁiat all times, and that, conzequently,
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sfies 2ll the conditions of the Mamimum Principls,
Let us unow prove that either

o - T ., !
S A o ey { Fop Sy IS Wy
’f [N R T B e i T ) U I A o ryg
A LRV B o ‘UL iyt “k ‘x‘, 2 VT A A i -
[}yl o
7 ", - FoosE
(< 1. {’w';f""\’ z A7
LA ARV Y ;oM F
; ;
o

Thereby the Jump conditions will ke proved, sincs
function sk*(t{ c st el can be tsken for funmction (3,8},
and function $+/; wocsT, for function (3,6), 1f d*(t)fec .

The varied trajectoriss whose endg ave given by for~
wula (8,197 wikl be chesen in the following manaer,

Let ua get

A% 5 o4 L A P SN T
;J =0 =0 ; R R B o it I,
[ 2 . N . . 3
O I R A e fLv } A 3

where N ia a random vector not tangential to boundary
il at point % {U) and directed out fvom region G; random~
icity in the choice ef N i3 achisved through the appropriate
zelection of function R (see section 2, paragraph 2),
Finally, control v will be chosen without defining points,
sc that trajeciory v{+) will be comnstructed on the basis

; A

5 Od . Al Y P ) .
of the selected parameters;aft‘;aaaifx!r;ﬁ - AN K. with the
‘ - N i
ald of the construction used 1n proving iemma I of section 2,
B -~ . . s
Poar vectors & ifv defined according to formulas (3,18,

we obtain the expressions {(see (3.7),(2,4333:

Ny b . "
¢ T s B f‘?\ T ) i A X ey S
' {«im S } (3.32)
" H ( a
' B S "
Come 5 B y £ i e
e ¥ PO I B A \ P I
A =xp ? ) ~ e *‘f ( t }
where : 2 - :

for equation (3,12},

hid fp s VT
By ¥, (8) oy (E) iet up denote the system of
functions conjugate o  we ;o Fre) . We have:
6 A ST




e E‘;‘, e ot e ot W T
— 's: "k. & o . N‘ ! -, ;\ 5\3* -
- P
‘s ” & = - s f B g S v S ks /

. vz PP ek (oo TIn ) = 2o W= ¢
\ a0 : uE:Cn ERAE 4 ?
ok =L

wmezre PF{0) is the initial value of function {(3.28), FPxeon
ervation (3,3L) follows:
C e ig ey, b
X Fep* = ¥ (t)e N (273>

Apalogously, the second equation of (3,32) yieldé:"
‘ KN -

Y
7% C‘ PO ,l é'(’”*"’a . § by {‘ ‘l ~f Y A é f“ - i * o i { “. ) ‘:i}
ey = U{' oy N .%.'4""{*{.) r"\(t)(;:;: A= **\g C‘“) N - b}_{d‘\(vﬁg}f ’U";

Twoo b Y s . : e
where (€)= — ‘C{,)'f\d;) Using expression (2,44) for ek and

integrating by parts, we shtaini i ‘s )
PV B e . 7 i %C\[X’ [:'},} ' z
Kol e = PN~ ROFEERG &) "*ﬂl"z(,;:{““ N L] +
‘ L= A
& ‘1‘5..» k4 ’
A ey e )
A- f\)’c iL .z;l““ 2 (B ““%‘"fg;z X db =

’ I %
= -4 TN Mk(‘c};}‘r;x“’)?\l F (n zaet i A

'Add}ing +this equation to (3,33), and taking into account

equation {3.26), we find: ‘ et
R P, L+ p o UK (T))
B PP T R O R NOE St NS
N ) o
{ :" S.- . (“)\i- ) [ .
- N 2 () LUNGdE €
19 b

The value of T

e ealel0) oy 4r
(' "}_\‘ P a3 "'3{.’(’{:}} C‘;}p .. Ni CLL

<= e ¢ 2 .
v [N

can be nmade arbitrarily small with any given N through the

- pelection of small neighhorhoods Cp. entering into the

- gefinition of function R, while the tirat term of eguation
(3,34) is independent of thece neighborhoods, Conseqguently,
for randon vecteor N which is not tangent to boundary afzy = C
at point ?(,(‘c/) ana is directed ocut from region G, there holds

5L




the insgquality
- iy ' L R £ S S S R SV N B A
Cg o) - Hb* Copv iU ama g (W T g v &)

which, due to the randomicity of vector ¥, is esguivalent
it the squatiocn ’

. A : Y {
PO s W)+ U ersd w‘f:’“’“
Ef:é AL J % s ‘é _; //i [ (3933

Vector ¢ (vj7 { , since from equation ? i 0 and

inequality €3,27) there follows the inequality u'f“,' ETS
on the pther hapdg from (5,35) we obtaln the relasion

w L L;‘A*iac'& {L(\{/ };{,
b 7

which contradicts ﬁha inclusion (3,85).
g > we obtain:

c“

With v
i ; ~r Fae Frmt ;om
P ()= AR RSN
‘ 3
Thus, theorem 2 is proved for the case where ¥ .> ig
an daternal point in region G,
Now let % {C,} Lie on the boundary ﬁﬁ‘ This case
is easily reduced to the one just considered: it is suifici-~
ent to define func%icn@@ﬁiﬁ on segmentf<ieT] where U, <5,

&

and then to make peoint &  go %o ’w s we thus obtain -
family of functions W.fr4 b o< for which there exists
the required limiting functi man xt),hﬁ €T e,

Note 1, If the segment y (i) 0di-< ™", also belongs
to the open kernel of region G, tne inequality (3,34)

-

will be replaced by the inequality

F o LR e b AL

‘\gfsj Lo ‘J-' VW) v by A L.

whence follews the sauation
FRSEENAU RS (o BT
\*;’ sl Y A A .

tiote 2., If the
C’zf‘»;"@ =4 5 vest crsu{ul
#nd the jump cnnd %iun yﬂe

g (o), - :f@P

w2 L

liaﬁ on boundary
iura srthogonal

f L -
3 “ - 7 R o
= Tyl Dypled il
. o AAILE S

From this it follews that 3L
peet to u:

e-l»

the syztem of equations with res-

PN EVS N A ST S h! &,

! -«x

H ", Y
e o BA T T i r:(i:{‘?‘“"‘!‘: - 7.
LY s 3 \l- 4 'I; -‘u,l -~ [3.53 5, Nhs gy FTLs

‘;{}

has the sinzle goiution
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then the vector , . : .
Cintk) afe—-03) = §{ni),alts &))

3

touches haﬁrdary el#)=0 at peint %IrJ : in other words,

.
+ﬁw aptimal &rujwitary romaing smcoth &t the Jjunction point

a f :"a
v Note 3, If the cptimal trajectory 1ies on the plece~-
wise swooth boundary of vegion G {(we have heretolfore been
considering région & with a snmooth boundarv}, then the equae
tions of moition of any segment of the trajectory lyiang
wholly on the swooth portion of the boundary have already
bean feund ip ssetion %, As the trajeciory passez from
ernie susoth porticn of the boundary to the nent, jJump con—
ditionz completely analogous to (3,10), (3,11) are fulfilled,
et 4, The junp conditions are also anpliﬁable o
the following optimal problem,
Let the phase gpace Xﬂf; ba divided inte two parts
¥,, Ay Dby the hypersurface afﬁw + En parﬁ‘X, : let the
eguation of mation of the phaqg point have the form
o % “}5&; (’x’e ” '
ard in A, == the Form

‘\i
%L (‘/-&Lri)e

We must select a permissible control such that the
phase point passes fors the initial positinn g‘e X, onto
the straight iins T parallel to axis .L°, and the conrdl-
nate ALY of the end of the trajectory goes 0 a mindwmums,

The trajesetory of motion in each of the parte
). % will satisfy the Maximum Prineciple, while the jump’
amnﬁz*ion will be Evlfiﬁlﬂﬂ at the moment of pssage acrosa
the boundary % '}‘r) = 0

In the d@”ﬁ?dﬁibﬁ #f the junp conditlion in the pre-
sent case, the initial displacement of the varied trajectory
must lde strictiy on the boundary gC&}*Q dividing the two
spaces. For this reason, the lemnz of paragraph 1 cannot
be used ang the groof of section 3 is applicable ounly if
not one of the veetors F(w(V), ‘*CE'U; (2, w(t ¥ b) touches hyper-
sured F@%L\ﬂj =0 at junctiop paint’%ﬂ;, I do not know whether
the jumyp’ conditior helds when at least sne of ithesge vecisrs
teuches ‘the boundary g{w) >0 dividing the two spaces.

If we are concédrned with & standard variasftional
problem, the known conditionz o0f exiremal refrseiion, &8
an ozampla, we will new deriwvs th&géﬂbandiﬁians Tor & v8ry
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simple variational problon,

Let the plane X } be divided by the line mehy} into
two part° X, A , and let there Le given two points LLU,?,}C§Q
(e, SERe We are required tc connect these points with a
continuous pleceowise—gmooth line 3;:1@{;3 in such & way. -
that the integral ) he

¢ Ky DRATI S ’
J [ {"(« 3)“,3« } NI,
. (¥} ’
.2
where —
"'.‘.‘ i l\l‘. .“.‘l \l A
AR C T O A N N B SR- DR Y
N o ' vy &
&t N - s
[ LA - . A 2 I4 L wf
oA A o & " il rTerx ! . [
} L fﬂ;! ,) L{;»{)'}’j ‘-’"')vé & /\2,
anu‘-1 ::‘ are amooth functions of their arguments, assunes

a minimum value,
Yet ug intreduce the definitions:

-y @ J”...,.- . [ = 4
L= g‘\%‘f\,’ e }) A , X = A, L =9, e
The region of pasgﬁble values for the control is the

op2n set of a numerical straight 1ine, The Maximum Principle
is wriﬁteﬁ down in the following manner (it is easy to show
that Y.# C and consequently that 1t is possible to set

TR i
¥ r H

£
o i LI AN
X%z F 'E.i») o \ / 4 \‘L ¢
g . 1 ‘iq
T ”
C O ¥ T
s &
N er
- - u - - g
J P r_] A
j.—
\ 1 [ I .I;" i AL -
He —Fla, o, 02 r ey = mak=c.

|
¥
U

The conditions H = maxz and H = 0 give, respectively:

.
- C'&E)_ y: ” - & ‘LJ w !
¥a sy ' cﬁ' d -
From the mp © i e / '
om the jump comdition i+ . o Aﬂ,géuﬂ¢ y tnere followe:
q A4 o '9'*"3.. €, -
S0z o L » P R N S \ - i
q P ;,/,uy {’“’); ) - "'l mg"—f"t"' LY ) &dv‘f J
- o i T oW )
y FLoot, Lo Pe- i
g, =2l Sy +aAN }
s 4 5 W i’ }

0y,
~
S

where (Nl,N ) 13 the normal vector to the line ﬂhltﬁ) at
the point of fracture of the trajecitory, Let us dencte by
Y* the angle of declination of the tangent to the curve
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the point of ﬁrﬁe%ure. We have:

BE,
o
o ‘,4 i
e - ok
o A - Iy e
Yo vy, ¢J; ?.
J‘; u
¢ 4
whance we obiain the hnown xwrmala {gsoe ret, 10):
= .
- O - Y s oL
[ AT BV U Y o T AVE AR
1, ¥ o K{ \j? ) ). T ‘ﬁﬁﬁ {3 m{% )j*
' zjﬁ . ' - [

4, Gemerel Principle for Het@ymimigg Ontimal
Trajschorien

Conbining theorsns 1 and 2 and the Maximum Principla,
we arvive at the following theorem, which gives the full
aysitom of negessary conditions te be satisfiod by any
gular optimal trajectory that is s soliution of the wpiimal
problen in sezetion I,

Theoren 3. Let the optlinal
(1,5} lie entirely in the closed veg Amm G and
finite number of junction points: Ffurthermore,
tion of thiz trajecitory lving on the boundary b
be regular, Then any poriicn of the trajsotory Lyi
epern kernel of region ¢ (wiith the possible exscepiic
ends of the trajeciory) sailsfies the Mamimum Ppi il
of f4s veortions whiech 1ie¢ on the houndary of r@g; 2 4

iafy theorsx L; the jump condition (theorem 2) i fule
¢ at svery junctien point,

of
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